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Abstract 

We investigate the partial orderings of the form (P(X), c), where X = (X, p) 
is a countable binary relational structure and P(X) the set of the domains 
of its isomorphic substructures and show that if the components of X are 
maximally embeddable and satisfy an additional condition related to con- 
nectivity, then the poset (P(X),c) is forcing equivalent to a finite power 
of (P(w)/Fin) + , or to (P(uj x cj)/(Fin x Fin)) + , or to the direct prod- 
uct (P(A)/£Vfi n ) + x ((P(w)/Fin)+) n , for some new. In particular we 
obtain forcing equivalents of the posets of copies of countable equivalence 
relations, disconnected ultrahomogeneous graphs and some partial orderings. 
2000 Mathematics Subject Classification: 03C15, 03E40, 06A10. 
Keywords: relational structure, isomorphic substructure, poset, forcing. 



1 Introduction 

The posets of the form (P(X), c), where X is a relational structure and P(X) the 
set of the domains of its isomorphic substructures, were investigated in [4]. In par- 
ticular, a classification of countable binary structures related to the forcing-related 
properties of the posets of their copies is described in Diagram Q] for the structures 
from column A (resp. B; D) the corresponding posets are forcing equivalent to the 
trivial poset (resp. the Cohen forcing, ( <u 2, d); an uj\ -closed atomless poset) and, 
for the structures from the class C4, the posets of copies are forcing equivalent to 
the quotients of the form P(qj)/I, for some co-analytic tall ideal 1. 

The aim of the paper is to investigate a subclass of column D, the class of 
structures X for which the separative quotient sq(P(X),c) is an o;i-closed and 
atomless poset (containing, for example, the class of all countable scattered linear 
orders [5 ]). Clearly, such a classification depends on the model of set theory in 
which we work. For example, under the CH all the structures from column D are 
in the same class (having the posets of copies forcing equivalent to the algebra 
P(ui) /Fin without zero), but this is not true in, for example, the Mathias model. 

Applying the main theorem of the paper, proved in Section @] in Section [5] we 
obtain forcing equivalents of the posets of copies of countable equivalence rela- 
tions, disconnected ultrahomogeneous graphs and some partial orderings. 



1 



2 



Milos S. Kurilic 





i 










n 




F 






d 




i 


\, .1 




i 


i 


n 


K 




V 


d 










e 


















i 


1 


a 


n 


c 


b 




1 







1 




1 


w 




e 






h 










e 










r 










e 




d 


n 








i 


o 




d 




V 


t 




e 




i 






n 


Ho 


s 


i 




s 




i 


d 




e 




b 


e 








1 


a 




i 


1 


e 


1 




n 










[«] 



,c> 









D 5 








D A 




B 3 


Ci 




A 2 


B 2 






Ai 








atomic 






cr-closed 
a t o m 1 e s s 


1 




> Ho 


atomic 




a t o m 1 e s s 





Diagram 1: Binary relations on countable sets 



2 Preliminaries 

Let P = (P, <} be a pre-order. Then p € P is an atom, in notation p G At(P), iff 
each g 1 , r < p are compatible (there is s < q, r). P is called atomless iff At(P) = 0; 
atomic iff At(P) is dense in P. If k is a regular cardinal, P is called K-closed iff for 
each 7 < n each sequence (p a : a < 7) in P, such that a < (3 =>■ < p Q , has a 
lower bound in P. u>\ -closed pre-orders are called o -closed. Two pre-orders P and 
Q are called forcing equivalent iff they produce the same generic extensions. 

A partial order P = (P, <} is called separative iff for each p,q E P satisfying 
p j£ g there is r < p such that r 1 5. The separative modification of P is the 
separative pre-order sm(P) = (P, <*), where p <* q 44> Vr < p 3s < r s < q. 
The separative quotient of P is the separative partial order sq(P) = (P/ =*,<), 
where p =* q ^ p <* q A q <* p and [p] < [g] <4> p <* q. 
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Let Fin = [uj] <uj and A = {(rn, n) G N x N : n < rn}. Then the ideals 

Fin x Fin C P(oj x on) and £T> Rn C P(A) are defined by: 

Fin x Fin = {S C u) x uj : 3j G uj Mi > j \S n ({«} xw)| < w} and 
£P fln = {5 C A : 3r G N Vm G N |5n ({m} x {1,2, . . . ,m})\ < r}. 

By h(P) we denote the distributivity number of a poset P. In particular, for n G N, 

let h n = h(((P(cj)/ Fin) + ) n ); thus h = hi. The following statements will be used 

in the paper. 

Fact 2.1 (Folklore) If Pi, i £ I, are K-closed pre-orders, then Ilie-f ^* * s K_c l° se d- 

Fact 2.2 (Folklore) Let P, Q and Pj, i G /, be partial orderings. Then 

(a) P, sm(P) and sq(P) are forcing equivalent forcing notions; 

(b) P is atomless iff sm(P) is atomless iff sq(P) is atomless; 

(c) sm(P) is K-closed iff sq(P) is K-closed; 

(d) P ^ Q implies that sm P ^ sm Q and sq P = sq Q; 

(e) sm(n je/ Pi) = n ? . e /smP i; 

(d sq(n ie/ p,.) = n JG /sq^- 

Fact 2.3 (Folklore) Let P be an atomless separative pre-order. Then we have 

(a) If oj\ = c and P is uj\ -closed of size c, then P is forcing equivalent to 
(Coll(wi,wi)) + or, equivalently, to (P(w)/Fin)+; 

(b) If t = c and P is t-closed of size t, then P is forcing equivalent to (Coll(t, t)) + 
or, equivalently, to (P(w)/Fin) + . 

Fact 2.4 (a)sm((M w ,c) n ) = {[uf , C*) n and sq((M w , c) n ) = ((P(w)/Fin)+) 
are forcing equivalent, t-closed atomless pre-orders of size c. 

(b) (Shelah and Spinas |8|) Con(h n+ i < h n ), for each n G N. 

(c) (Szymariski and Zhou O) (P(u) xw)/ (Fin x Fin)) + is an c^i-closed, but 
not L02 -closed atomless poset. 

(d) (Hernandez-Hernandez 0) Con(b((P(w x w)/(Fin x Fin))+) < h). 

(e) (Brendle ffl) Con(h((P(A)/£P fin )+) < h). 

Fact 2.5 If (P, <p) and (Q, <q) are partial orderings and / : P — > Q, where 

(i) Vpi,p 2 G P (Pi <P P2 => f(Pl) <Q f(P2)), 

(ii) Vpi,p 2 G P (pi ±P P2 => fipx) -Lq f{P2)), 
(hi) f[P] = Q, 

then sqP = sqQ. 

Proof. We have smP = (P,<* P ), sqP = {P/=p,<p), smQ = (Q,<* Q ) and 
sqQ = (Q/=q, <q), where for each px,P2 G P and each qi,q 2 &Q 



Pi <*p P2 <^ Vp <p px V <p p,_p 2 , 



(1) 



4 



Milos S. Kurilic 



Pi =p P2 <^ Pi <*p P2 A p 2 <* P Pi and [pi]<p[p 2 ] & Pi <*p P2, (2) 



Qi = Q Q2 <^ Qi <q Q2 A q 2 <q qi and [cft]<Q[g 2 ] & q\ <* Q q 2 . (4) 
Claim, pi <* p p 2 & f{pi) <* Q f{p2), for each pi,p 2 G P. 
Proof of Claim. (=>■) Let pi <p p 2 . According to (J3j we prove 



If q <q /(Pi) then, by (iii) there is p 3 € P such that /(P3) = q. By (ii) and 
since /(p 3 ) < Q /(pi), there is p 4 < P p 3 ,pi and, by ©, there is p 5 < P p 4 ,p 2 , 
which, by (i), implies /(p 5 ) < Q /(p 2 ). Since p 5 < P p A < P p 3 by (i) we have 
f(p5) <Q f(P3) = Q and q' = /(p 5 ) satisfies ©. 

(<^=) Assuming ((5]) we prove that p\ <* p p 2 . If p < P p\, then, by (i), f(p) <q 
/(pi) and, by ©, there is g' < Q f(p),f(p 2 ) and, by (ii), there is p' <p p,p 2 and 
Claim is proved. 

Now we show that (P/= P , < P ) ^ F (Q/=Q, <q>, where F(\p)) = [/(p)]. 

By Claim, (O and ((U), for each pi, p 2 G P we have [pi] = [p 2 ] iff pi =p p 2 iff 
Pi < P P 2 Ap 2 < P Piiff/(pi) <^ /(p 2 )A/(p 2 ) /(pi)iff/(pi) =q /(pa)iff 
[/(pi)] = [/(p 2 )] iff F([pi]) = F([p 2 ]) and F is a well defined injection. By (iii), 
for [q] G Q/=q there is p G P such that (7 = /(p). Thus F([p\) = [f(p)} = [q] 
and F is a surjection. 

By Claim, © and © again, [pi] < P [p 2 ] iff pi <* p p 2 iff /(pi) <^ /(p 2 ) iff 
[/(Pi)] <Q [/(p 2 )] iff ^([Pi]) <Q P([p 2 ])- Thus F is an isomorphism. □ 

3 Structures and posets of their copies 

Let L = {R} be a relational language, where ar(i?) = 2. An L-structure X = 
(X,p) is called a countable structure iff |X| = w. If A C X, then is a 

substructure of X, where = p n A 2 . If Y = (Y, r) is an L-structure too, a 
map / : X — > Y is called an embedding (we write Xhj ¥) iff it is an injection 
and (xi,x 2 ) £ p» (f(xi),f(x 2 )) G r, for each (xi,x 2 ) G X 2 . If X embeds 
in Y we write X ^ Y. Let Emb(X,Y) = {/ : X ^ f Y} and, in particular, 
Emb(X) = {/ : X X}. If, in addition, / is a surjection, it is an isomorphism 
(we write X = f Y) and the structures X and Y are isomorphic, in notation X = Y. 
X and Y are equimorphic iff X Y and Y X. According to [2] a relational 
structure X is: p-monomorphic iff all its substructures of size p are isomorphic; 
indivisible iff for each partition X = A U B we have X <-)■ ^4 or X B. 



qi <*q q 2 ^ Vq <Q qi V <q q, q 2 



(3) 



V<? <q /(pi) 3g' <q q, /(p 2 ). 



(5) 
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If Xj = {X{, pi), i G /, are L-structures and Xj n Xj = 0, for i ^ j, then the 

structure IJigj ^ = (Uie/ ^> Uiei /°») * s tne Mmon °f tne structures X,, i £ I. 

Let (X, /?) be an L-structure and p rst the minimal equivalence relation on X 
containing p (the transitive closure of the relation p rs = Ax U p U given by 
x /j rS i y iff there are n G N and zq = x, z\ , ■ ■ ■ , z n = y such that z% p rs for 
each i < n). For x G X the corresponding equivalence class will be denoted by 
[x] and called the component of (X, p) containing x. The structure (X, p) will be 
called connected iff it has only one component. It is easy to prove (see J?]) that 
{X, p) = (Uxgx i x ] > Uxgx /%] ) i s tne un iq ue representation of (X, p) as a disjoint 
union of connected relations. 

Here we investigate the partial orders of the form (P(X), c), where X = (X, p) 
is an L-structure and P(X) the set of its isomorphic subsuuctures, that is 

P(X) = {ACX: (A, p A ) X} = {f[X\ : / G Emb(X)}. 

More generally, if X = (X, p) and Y = (Y, r) are two L-structures we define 
P(X,Y) = {B C Y : (B,t b ) 9* X} = {/[X] : / G Emb(X,Y)}. Also let 
1 X = {S CX : ~^3A G P(X) A C S}. We will use the following statements. 

Fact 3.1 (|4j) For each relational structure X we have: | sq(P(X), c) | > No iff the 
poset (P(X), c) is atomless iff P(X) contains two incompatible elements. 

Fact 3.2 (|4j) A structure X is indivisible iff Ix is an ideal in P(X). Then 

(a) sm(P(X), C) = (P(X), Ci x ), where A C Xx B o A \ B G 2" x ; 

(b) sq(P(X),c) is isomorphic to a dense subset of ((P(X)/ =x x ) + , <x x ). 
Hence the poset (P(X), c) is forcing equivalent to (P(X)/lx) + . 

(c) If X is countable, then (P(X), c) is an atomless partial order of size c. 

Fact 3.3 (01) Let Xj = (Xi,pi),i G I, and Yj = (Yj,aj),j G J, be two families 
of disjoint connected L-structures and X and Y their unions. Then 

(a) F : X Yiff F = g u where / : / -> J, 9l : Xj Y /(i) , i G /, and 

V{ii,«2} S [I] 2 Vxjj G Xjj Vx i2 G X i2 -i g h {x h ) cr rs gi 2 (x i2 ); (6) 

(b) C G P(X) iff C = U ie/ where / : I -+ I, 9i : Xj X /(i) , » G /, 

and 

V{i, j} G [I] 2 Vx G Xj Vy G X,- - 9l (x) p rs 9j (y). (7) 

Fact 3.4 (|4|) If X and Y are equimorphic structures, then the posets (P(X), c) 
and (P(Y), c) are forcing equivalent. 

Fact 3.5 (Pouzet |7|) If p < \X\ and X is p-monomorphic, then X is r-monomorphic 
for each r < min{p, |X| — p}. (See also [2], p. 259.) 
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4 Structures with maximally embeddable components 

Theorem 4.1 Let Xj = (Xi,px z ), i G J, be the components of a countable L- 
structure X = (X, p) and, for all i,j G I, let 

(i) P(Xj,Xj) = [Xj]l x ^l (the components of X are maximally embeddable), 

(ii) VA, B G [Xj]l Xl l 3a G A 3b £ B a p rs b. 

If N = {\X { \ : i G I}, N &n = N \ {uj}, I K = {i G I : |Xj| = «}, for k & N, 
= p, and Y" = Uie/Uu tnen we nave 

(a) sq(P(X), c) is an ^i-closed atomless poset of size c. In addition, it is 
isomorphic (and, hence, the poset (P(X), C) is forcing equivalent) to the poset 

if 1 < p, < co, l-ZVfinl < uj and \Y\ < uj, (al) 

if < p < uj, \Nsn\ < uj and \Y\ = uj, (a2) 

if < p < uj, liVfml = oj, (a3) 

if p = uj, (a4) 

where P is an wi-closed atomless poset, forcing equivalent to (P(A)/£T>s n ) + . 

(b) For some forcing related cardinal invariants of the poset (P(X), c) we have 



If X satisfies 


(P(X), C> is 


sq(P(X), C> is 


ZFChsq(P(X),C> 




forcing equivalent to 




is ^-distributive 


jU < w A liVfinl < lu 


{{P{u))l Fin)+) n , for some n 6 N 


t-closed 


yes iff n = 1 


fi < U A [iVfi n | = w 


(P(A)/£V fin )+ x ((PH/Fin)+)" 


lu\ -closed 


no 


/l = w 


(P(w x w)/(Fin x Fin)) + 


u>i but not W2-closed 


no 



where n = liff N G [N] <w V <uA/j=1). 

(c) X is indivisible iff N G [N] w or jV = {1} or |/| = 1 or \I U \ = uj. 

A proof of the theorem, given at the end of this section, is based on the following 
five claims. 

Claim 4.2 C G P(X) iff there is an injection /:/—>•/ and there are d G 

[X m ]\ x *\, i G I, such that C = \J ieI Q. 

Proof. (=>) Let C G P(X). By Fact [Oft) there are functions / : I ->• J and 
a; : Xj Xy(j), i £ I, satisfying (O and such that C = Uie/ff*^*]* By 
© and (ii), / is an injection. Since g+ : Xj "KfU) we have Cj = gr» G 
P(Xi,X /(i) ) = [X /w ]W. 

(<=) Suppose that / and Q, i G I, satisfy the assumptions. Since [X /(i) ] ' = 
P(Xj,Xy(j)) there are gi : Xj Xy>(j), i & I, such that Q = g«pQ]. Since / 



(P(w)/Fin)+)^ 
((P(u;)/ Fin)+)" +1 
P x ((P(w)/Fin)+)^ 
(P(w x w)/(Fin x Fin)) 
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is an injection, for different i, j G I the sets <ft[-^i] and gj[Xj] are in different 
components of X and, hence, we have ©. By Fact|33Ib), C G P(X). □ 

We continue the proof considering the following cases and subcases. 

1. N C N, with subcases N G [N] w (Claim g3j and N E [N] <w (Claim S3]); 

2. N <£~N, with subcases j/J < oj (Claim |4~5l> and |J W | = u> (Claim |4~6l 

Case 1: JV C N. 

Claim 4.3 (Case 1.1) If 7Y G [Nf, then 

(a) X is an indivisible structure; 

(b) sq(P(X), c) is an wi-closed atomless poset; 

(c) The structures Xj, i E I, are either full relations or complete graphs or 
reflexive or irreflexive linear orderings; 

(d) There are structures X n , n G N \ N, such that \X n \ = n and that the 
extended family {Xj : i G 1} U {X n : n G N \ N} satisfies (i) and (ii); 

(e) The poset (P(X), c) is forcing equivalent to (P(A)/££> fin )+. 

Proof. Clearly, N G [N] w implies that |/| = uj. First we prove 

SGl x «3newVi eI\SnXi\ <n. (8) 

(=>) Here, for convenience, we assume that I = oj. Suppose that for each 
n G uj there is i G / such that \S fl Xj| > n. Then 7> n = {i G a; : |5 n Xi\ > n}, 
n G uj, are infinite sets. By recursion we define sequences (i k : k G w) in a; and 
(Cfc : k G in P(X) such that for each k,l £ uj 

(i) A; < / => i fe < i/, 

(ii) C fe g [snxj x *\. 

Suppose that the sequences io, . . . , i k and Co, . . . , C*. satisfy (i) and (ii). Since 
\I>\x k x |l =^ there is = min{i > zj. : \SP\Xi\ > |Xfc+iJ} so \SC\Xi k+1 \ > 
\Xk + i\, we choose C k +i G [S 1 n Xj fe+1 ]l Xfc + 1 l and the recursion works. 

By (i) the function / : I — > I defined by f(k) = i k is an injection. By (ii) we 
have C fc G [X f(k) \\ x ^ and, by ClaimgHC = [] keu) C k G P(X). Since CcSwe 
have S G" lx- 

(<H Suppose that C G P(X), where C C S. By Claim |4~2l there are an 
injection /:/—>•/ and Cj G [-^/(i)] ? G /, such that C = [j ie j Ci. For n G uj 
there is G / such that \Xi \ > n and, hence, Cj G [X^ i() ^ Xl o^, which implies 
\Xf(i ) n 5| > \Ci \ > n. © is proved. 

(a) Suppose that X = C U D is a partition, where C,D £ Xx- Then, by ([8]), 
there are m, n G uj such that |C fl Xi\ < m and |D fl Xi\ < n, for each i E I. 
Hence for each i G I we have = n C) U (Xi nD)| < m + n, which is 
impossible since, by the assumption, N G [N] w . 
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(b) By Facts 12.21 b) and (c) it is sufficient to show that sm(P(X), c) is an en- 
closed and atomless pre-order. Let sm(P(X), c) = (P(X), <). By Fact[X2]and (a) 
for each A,B e P(X) we have A < B iff A \ B G I x and, by ©, 

i < B « 3n € N Vi€/ \A\BHXi\ < n. (9) 

Let A n G P(X), new, and A n+1 < A n , for all n G u. We will find A G P(X) 
such that A < A n , for all n G w, that is, by (©, 

Viiew 3m G N Vi G 7 |A \ A n n Xj| < m. (10) 

By recursion we define a sequence (i T : r £ u) in 7 such that for each r,s G w 

(i) r / s => v 7^ i s , 

(h) |A n Ai n ... n A r nXj r | > r. 

First we choose io such that \Ao n Jfj 1 > 0. Let the sequence io, . . . , i r satisfy (i) 
and (ii). For each k < r we have A k+ \ < A k and, by Q, there is m k G a; such 
that Vi G 7 \ yl fc n < m fe . Thus 

Vi G / Vfc < r |A fc+1 \4nl 8 |< m fc . (11) 

Since A r +i G P(X) and iV G [N] w , by ClaimOthe set 

J r+ i ={»£/: |A-+i riXi\> (£ fc < r , m fc ) + r + 1} (12) 

is infinite and we choose 

V+i G J r+ i \ {i , ■ ■ ■ i r }- (13) 
Then (i) is true. Clearly, A r+X C (fXto^*) u Ufe=o( j4 fc+i \ A k) and, hence, 

A r+ ini v+1 c (^lilA k nx ir+1 )ij\Jl =0 (A k+1 \A k nx ir+1 ). So, by (HD-C3 

(E fc <r ™fc) + r + 1< |A r+ i n X v+1 1 < I ni±o A k n X ir+1 1 + Zk<r ™k, which 
implies [Ao PI . . . fl A r D A r+ i n -X"j r+1 [ > r + 1 and (ii) is true. The recursion 
works. 

Let S 1 = LU J^o H Ai fl . . . fl A r nl if ). By (i), (ii) and ® we have S g" Z x 
and, hence, there is yl G P(X) such that A C S. We prove (fTOl . For n G w we 
have i\i„CS\4c U r <n(4) H Ai n . . . n Ar D X 4r ) C U r <n -Xir. thus 
\A \ A n \ = m, for some m G u and, hence, | A \ A n n | < m, for each i£ J. 

So sq(P(X), c) is o;i-closed. By (a) and Facts H^ c) and !2.2f b) it is atomless. 

(c) Since N G \Hf, there are i ,ii € 7 such that |Xj | > 3 and \X h \ > 
\X io | + 3. By (i) we have P(X io ,X il ) = [XjJ^o and, hence, the structure X^ is 
\Xi |-monomorphic. Since \X^ j — \Xi 1 > 3 we have min{ \Xi | , \X^ | — \Xi \ } > 
3 and, by Fact [331 

Vr < 3 (Xjj is r-monomorphic). (14) 
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Let {2/1,2/2,2/3} G PQJ 3 and, for r G {1,2,3}, let Y r = (Y r ,r r ), where y r = 
{Vk ■ k < r} and r r = (pjjy,.. We prove 

Vi G 7 Vr < min{3, |AT<|} € [X 4 ] r (A, ^ Y r . (15) 

If I > l-^iil, let 4 C 5 £ [Xj]l Xi iL By (i) there exists an isomorphism 
/ : (B, (jh)b) -> Xii and, by d we have (A, ( Pi ) A ) ^ (/[A], (pij/^]) = Y r . 

If \Xi\ < I then, by (i), there exists an isomorphism / : Xj — > X^ and by 
d we have (A, { Pi ) A ) (f[A], ( Ph ) f[A] ) Y r . Thus O is true. 

Clearly we have n = or t\ = {(2/1,2/1)}- 

First, suppose that t\ = 0. Then by (031) . for each z G / we have 

Vx G Xj -ix pj cc, (16) 

that is, all relations pi, i G I, are irreflexive. Suppose that T2n{(2/i, 2/2), (2/2,2/1)} = 
0. Then by (PT5T ) we would have pjj = and X^ would be a disconnected structure, 
which is not true. Thus T2 Pi {(2/1,2/2), (2/2,2/1)} 7^ 0- 

Thus, if (2/1,2/2), (2/2,2/1) ^ r 2, then by (fT5l) . for each i G 7 we have 

V{x, 2/} G [Xi] 2 (x Pi y A 2/ Pi x) (17) 

and, hence, Xj is a complete graph. 

Otherwise, if \t% fl {(2/1,2/2), (2/2,2/i)}| = 1 then, by (fT5l) . for each 2 G 7 we 
have 

V{x,2/} G [X,] 2 (x/9,2/ v (18) 

and, hence, Xj is a tournament. Thus Y3 is a tournament with three nodes and, 
hence, Y 3 ^ C 3 = ({1, 2, 3}, {(1, 2), (2, 3), (3, 1)}) (the oriented circle graph) or 
Y 3 = L3 = ({1, 2, 3}, {(1, 2), (2, 3), (1, 3)}) (the transitive triple, the strict linear 
order of size 3). But Y3 = C3 would imply that X^ contains a four element tour- 
nament having all substructures of size 3 isomorphic to C3, which is impossible. 
Thus Y 3 = L 3 which, together with (fl5l (Tf6l > and dH]) implies that all relations 
Pi, i G 7 are transitive, so Xj, i G 7, are strict linear orders. 

If n = { (2/1 , 2/1 ) } then using the same arguments we show that the structures 
Xj, % G 7, are either full relations or reflexive linear orders. 

(d) follows from (c). Namely, if, for example, Xj are complete graphs, then X n 
are complete graphs of size n. 

(e) Let N = {n k : k G N}, where n\ < n 2 < . . . and let X n , n G N \ N, 
be the structures from (d). W.l.o.g. suppose that I rik = {n^} x {1, 2, ... , |/ nfe |}> 
if |7 n J G N, and I nk = {n k } x N, if |7 n J = oj. Then 7 C N x N and X = 
U eN U(„ fc ,r)eJ nfc X (n fc ,r>- For Z G N, let Y, = (Y hPl ) be defined by 

' \ X (nfcil> iil = n k , for a G N. 
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and let Y = flJ igN Y h \\ im Pl ). We prove that X Y and Y X. 

Y X. Let / : N — > I, where f(l) = (ni, 1). Since n\ < ri2 < ■ ■ ■ we have 
\Yi\ = I < ni = |X/ ni)1 \| = |-^/(/)| and, since the extended family of structures 
satisfies (i), there is g\ : Y\ <— » ^/(/)- Since / is an injection, the sets / G N, 

are in different components of X and, hence, condition Q is satisfied. Thus, by 

Fact|Ha),F = Uj GN 5/ = Y X. 

X ^ Y. Let N = UfceN Jk be a partition, where \ J%\ = uj, for each k G N, and 
let Z fc = U(n fc ,r) G / nfc *<n»,r) and T k = U /eJfc for k G N. Now |/ n J < w = 
| Jfc | and for I > n k we have | jf/ nfc r \ | = rtjt < / = \Yi\. Hence there is an injection 
fk '■ In k — > Jk\ n k and, since the extended family satisfies (i), there are embeddings 
9(n k ,r) ■ X( nfc>r ) <-> Y /((nfc;r)) , for (n k , r) G I nk . Thus, / = \J keN f k : I -> N and 
condition © is satisfied so, by Fact 13.31 F = UfceNU<n fc r)ei n 9{n k ,r) embeds 
^ = UeN U(„ fc , r>e / nfc ^(n fc ,r> into Y = [j keN \J leJk Y,. 

Now, by Fact[331 the posets (P(X), c) and (P(Y), c) are forcing equivalent. 
W.l.o.g. suppose that Y t = {/} x {1, 2, . . . , /} C N x N. Then Y = A = {{I, m) G 
N x N : m < 1} and, by ®, S G Z Y iff 3n G N V/ G N \S n YJ| < n iff 
S G £X> fin . Thus X Y = ££>fin and, by Claim 0a) and Fact [Oft), (P(Y), C) is 
forcing equivalent to (P(K) /Zy) + , that is to (P( A) /£P fin )+. □ 

Claim 4.4 (Case 1.2) If JV G [N] <w , then we have 

(a) sq(P(X),c) = (P(w)/Fin)+; 

(b) X is an indivisible structure iff m = 1, where m = max N. 

Proof, (a) Case A: \I m \ = oj. For S C X let 7^ = {i G I m : Xi C 5}. First we 
prove 

SgX x ^|/^|<w. (19) 

Let 5 G" Z x and C C S, where C G P(X). By Claim l4~2l there are an injection 
/ : I — >■ I and C, G i E I, such that C = [j ieI Ci. For iel m we have 

= m and, since Cj G [Xf^] m , we have |-X/(i)| = m and Cj = C S. 

Thus /(i) G I^ n , for each z G I m which, since / is one-to-one, implies = w. 

Suppose that |/^| = oj and let / : I — > 1^ be a bijection. For i G I we 
have C 5 and \Xi\ < m = \Xfu\ \ and we choose Cj G [X^]^!. Now 
C = \J ieI C l dS and, by ClaimgU C G P(X). Thus S l x and is proved. 

W.l.o.g. we assume that I m = oj. By (O, for A G P(X) we have G 
and we show that the posets (P(X), c) and c) and the mapping / : P(X) -t 

defined by f(A) = satisfy the assumptions of Fact 12.51 Clearly, A C B 
implies 1^ C 1^ and (i) is true. If A and B are incompatible elements of P(X), 
that is AnB G 1%, then, by (UU), we have \l£ nB \ < oj and, since I^Dl^ = l£ nB , 
f(A) and f(B) are incompatible in the poset c). Thus (ii) is true as well. 
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We prove that / is a surjection. Let S G and let g : uj — > S be a bijection. 
Then h = id/^ U g : I — > / is an injection. For ? € uj we have = g(i) G S 
and we define Ci = X g ^ G [X g ^ x ^. For i G I \ a; let Cj = Xj. Then, 
by Claim S3 C = U ie/ = U i6 /\ w X * u Ue* X g(i) G Now we have 

/(C) = l£ = {<?(*) : i G a;} = S. 

ByFact[231sq(P(X),c) =sq([a;] w ,c} = (P(w)/Fm)+. 

Case B: \I m \ < uj. Since [X| = uj the set / = UneN * s infinite and, hence, 
there is m = max{n G iV : [J n | = uj}. Clearly we have 

\I mo \ = ui and Vn G N \ [0, m ] |I n | < ^ (20) 

and X = yuZ, where Y = UneNn\0,m ] U e i n x i and Z = UneiV\[o,mo] Uein ^i- 
If A G P(X), then for each n£JV\[0, mo] the copy A has exactly |/ n |-many com- 
ponents of size n and, by d20l and Claim 14.21 Z C A. So, it is easy to see that 
P(X) = {C U Z : C G P(Y)} and, hence, the mapping F : P(Y) -> P(X) 
given by F(C) = C U Z is well defined and onto. If F(Ci) = F{C 2 ) then 
(Ci U Z) n V = (C 2 U Z) n y, which implies Ci = C 2 , thus F is an injec- 
tion. Clearly C\ C C 2 implies F(d) C F(C 2 ) and, if F(C X ) C F(C 2 ), then 
(Ci U Z) n y C (C 2 U Z) n y, which implies Ci C C 2 . Thus (P(X), c) — 
(P(Y), C) and, by Fact^d), sq(P(X), c) = sq(P(Y), c). By ([20]) the structure 
Y satisfies the assumption of Case A and, hence, sq(P(X), c) = (P(uj) / Fin) + . 

(b) If m > 1, then there is a partition X = A U B such that AnXi / and 
-B n Xj ^ 0, for each i E I m . Now, neither A nor 1? have a component of size m 
and, hence, does not contain a copy of X. Thus X is not indivisible. 

If m = 1, then X = {1} and, since P(X i ,X i ) = [X^H the structures X; = 
{{xi}, P{ Xi }), i € J, are isomorphic and, hence, either /0{ Xi } = 0, for all i G /, 
which implies p = or P{ Xi } = {(xi,Xi)}, for all i G /, which implies p = Ax- 
Thus, since |/| = u, either X ^ (w, 0) or X ^ (w, A„) and P(X) = [X] w in both 
cases, which implies that X is an indivisible structure. □ 

Case 2: X <f_ N. Then p, > 0, X = (U e /\^ Xi ) ^ (U e /„ X ») = y Z (maybe 
y = 0) and X is the disjoint union of the structures Y = (Y, py) and Z = (Z, pz)- 



Claim 4.5 (Case 2.1) If p G N, then 

(a) 

{{P(uj)/Ym)+Y if |X fin | < u and |y| < w, 
sq(P(X),c) = <J ((P(w)/Fm) + )^ +1 if |X fin | < u and \Y\ = u, (21) 
P x ((P(w)/Fin)+)' 1 if \Nsn\ = uj, 



where P is an uj\ -closed atomless poset; 
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(b) If liVfinl = co, then (P(X), c) and (P(A)/££> fin )+ x (P(oj)/Fm) + y are 
forcing equivalent posets; 

(c) X is indivisible iff |I| = 1, that is Y = and fj, = 1. 

Proof, (a) For i G I w , let Ai,E>i G be disjoint sets, ^4 = UieAi u X * u 

U i6Jw 4 and B = U ie /\/ w x i u B ^ Then ' b y C laim ELIl A,B e P(X) and, 
since iflB does not contain infinite components, we have An B £ Zx- By Facts 
|3J] and Ob), the posets (P(X), c) and sq(P(X), C) are atomless. 

Concerning the closure properties of sq(P(X), c), first we prove the equality 



If C G P(X), then, by Claim 14.21 there is an injection / : I — > I and there are 
Ci G i G /, such that C = \J ieI Q. For i G J w we have C, G 

and, hence, /(i) G I w . Thus /[/J C 1^ and, since / is one-to-one and I w is 
finite, f[IJ\ = I u and f[I\I U} ] C I \ I w . Now we have C = A U B, where 

^4 = Uie/\/ w c ^ and = Uie4, ^ c ^ - Clearl y tne structures Y and 
Z satisfy the assumptions of Theorem 14.11 and, since the restrictions / \ I\I U : 
I \ Iw I \ Iw an( l / T Iw '■ Iw lu ^ injections, by Claim 14.21 we have 
A G P(Y) and B G P(Z). 

Let A G P(Y) and B G P(Z). Since the structures Y and Z satisfy the assump- 
tions of Theorem 14. 1 1 by Claim l4~2l there are injections g : I \ I u — ^ I \ I u and 
h : I w -»• I w and there are Ci G j G J\ J^, and d G [X^-,]^, i G I w , 

such that t4 = Uie/U w C« an d ^ = U?,e/„ Now f = gUh : I — > / is an injec- 
tion, d G [X m ]\ x i\, for all t G /, and, by Claimg^l AUB = \J ieI d G P(X). 
Thus (|22l is true. 

Now we prove that 



By (HU), the function F : P(Y) x P(Z) P(X) given by = vl U £ 

is well defined and onto and, clearly, it is a monotone injection. If F((A, B)) C 
F((A', B')), then (AU B) DY C (A' U B') n F, that is ,4 C A' and, similarly, 
B C S', thus {A, B) < (A', B'). So F is an isomorphism and (j23) follows from 
(d)and(f) of Fact 

If iJVtol < w, then |F| < w implies |P(Y)[ = 1 and, hence, sq(P(Y), c) 2* 1; 
otherwise, if |F| = u, then, by ClaimE3] sq(P(Y), c) = (P(w)/Fin)+. So 



By the assumption, for i, j G Iw we have P(Xj,Xj) = [-Xj] w . Since \I W \ < uj, 
by Claim Owe have P(Z) = {[J ieIu C t : Vi G I u Ci G [Xjf } which implies 



P(X) = {AUB : 4 E P(Y) ABe P(Z)}. 



(22) 



sq(P(X), C) = sq(P(Y), c) x sq(P(Z), C). 



(23) 




(24) 
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(P(Z),C> = rii 6 / w ([^f ,C) - <[<,<=>". Since sq(M w ,c) = (P(o;)/ Fin)+, 
by (d) and (f) of Fact |2T2"l we have 

sq(P(Z),c) ((P(w)/Fin) + )^. (25) 

Now, for |JVfin| < u (ED follows from (g3]>, 424j and $25$. If |7V fin | = u, then, by 
Claim|431 P = sq(P(Y), c) is ^i-closed atomless and (ED follows from (j23) and 

<EH>. 

(b) By Claim|43te) and FactE^a), the posets (P(Y),c), sq(P(Y),c) and 
(P(A)/£V Rn ) + are forcing equivalent. By (El and (E3> we have sq(P(X), C) = 
sq(P(Y),c) x (P(w)/Fin) + )' i . 

(c) Let Y = and ft = 1. Then P(X) = [X] w and, clearly, X is indivisible. 

If Y / 0, then, by (a), each C G P(X) must intersect both Y and Z and the 
partition I = 7U2 witnesses that X is not indivisible. 

If Y = but /i > 1, by (a), each C G P(X) must intersect all components of 
X and for zq € iu, = /, the partition X = Xj U UieJ w \{i } witnesses that X is 
not indivisible. □ 

Claim 4.6 (Case 2.2) If // = w, then 

(a) X is an indivisible structure; 

(b) sq(P(X), C) ^ (P(u x w)/(Fin x Fin))+. 

Proof, (a) For S C X let 1% = {i G I u : \S D X;| = u} and first we prove 

Selx^ <w. (26) 

Suppose that = co. Let /:!—>■ be a bijection. Then, for i € I we have 
1 5 n Xfu\ | = w and we can choose d G [S n X /(i) ] x < C P(X i) X /(i) ). By Claim 
1521 we have C = \J ieI d G P(X) and, clearly, C C S. Thus 5 Z x . 

Let S g" Z x and C G P(X), where C C S. By Claim l4~2l there are an injection 
/ : I — >■ I and Cj G [X^]!-**!, i G /, such that C = \J ieI Ci. For i £ I u we have 
Cj G [X /{i) ] w , which implies |S n X /(i) \ = ui, that is f [i) G . Thus f[I u ] C i<f 
and, since / is one-to-one and \I U \ =w, we have = oj and ( [261 is proved. 

Suppose that X is divisible and X = A U B, where A,E>£ 1%. Then, by (|26T ). 

I 1 ^ u Pj I < w and there is i e J w \ (/^ u 1(f). Now, | A n |5 n X-\ < u, 

which is impossible since Xi = (A n Xi) U (5 D Xj) is an infinite set. 

(b) W.l.o.g. we suppose that I u = uj and Xj = {i} x cj, for j € w. Then 
I = yu(wx cj), where Y = \J i5 n u Xi. Clearly, for S C u) x u, 

5 G Fin x Fin 4^ (if | < w. (27) 
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By <[26]>, for A G P(X) the set l£ = j ( f 1 ( wxw ) i s infinite and by gZJ we have 
4 fl (w x u) ^ Fin x Fin. Hence the mapping 

/ : (P(X),C) -> ((P(wx U )/= FinxFm )+< Fin 

X Fin/ 

given by /(A) = [ifl(wx w)] =Fin x Fin > for all A G P(X), is well defined and we 
show that it satisfies the assumptions of Fact l2.5l Let A,B£ P(X). 

(i) If A C B, then (A n (u> x w)) \ (B n (w x a;)) = G Fin x Fin and 
f{A) = [An(u J x w )] =na x Pin < F in x Fi„ [S n (w x w)] =Fin x Fin = f(B). 

(ii) If A and 5 are incompatible in (P(X), c), then A Ci B G X x and, by 
» \I^ nB \ < oj, that is |j(-An("x W ))n(Bn( W x W ))| < ^ which) by ^ implies 

(in(wxw))n(Bn(wxw)) G FinxFin. Hence /(A) = [An(wxw)] =FhxFji> 
and f(B) = [B n (w x w)] =Pin x Pin are incompatible in (P(w x w)/= F i n x Fin) + - 
(hi) We show that / is a surjection. It is easy to see that for A, P G P(X), 

I A\B UI B\A = jAAB_ (28) 

Let [S] =PlnXPfa G (P(w x w )/ =FinxFin) + - Then, by (HTJ, we have = w. 
Let g : oj — > Pj be a bijection. Then /i = id/u, U : I — > 7 is an injection. For 
2 G u> we have h(i) = g(i) G J,f and we define C, = S n -X^m G [JC ff m]l Xi l For 
i E I \ oj let Q = Xi. Then, by Claim |42l 

C = \J ieI Q = U ieAw * U U & ^ n G P(X). 

Now 5\C = U iew \/s SnX^, which implies = and C\S = (J ieAw 
which implies J^ V5 = 0. So, by ®, I% AS = jW"*"))^ = ^ by ^ 
(Cfl(wxw))AS G FinxFin, so /(C) = [Cn(,x w )] =FmxFin = [5] =PinxPin . 

By Fact 12.51 and since ((P(u> X a;)/ =Fin x Fin) + , <!Fin x Fin) is a separative 
partial order we have sq(P(X),c) = sq((P(w x w)/ =Fin x Fin) + , <Fin x Fin) = 
((P(w x a;)/= FinxFin ) + ,<! FinxFin ). □ 

Proof of Theorem 14.11 (a) (a4) is Claim 1431 b). For \x > 0, (al)-(a3) are proved in 
Claim Ha). For fj, = 0, (a2) is proved in Claim @3ta) and (a3) in Claim g3Ib). 
By Facts 12. l l and 12.41 sq(P(X), c) is an o;i-closed atomless poset. It is of size c 
since it contains a reversed binary tree of height oj and the set of lower bounds of 
its branches is of cardinality c. The forcing equivalent of P is given in Claim l4~3l e). 

(b) follows from (a), Claim Hb) and FactO 

(c) The implication follows from Claims 1431a). Bgfo), 1431c) andglta). 
For a proof of (=>) suppose that N [N] w , iV ^ {1}, |/| / 1 and |I W j < oj. 

If iV C N, then, since N £ [N] w , we have N = {n , . . . , n m }, where n < 
. . . < n m and, since N ^ {!}, n m > 1. Let X{ G Xi, for i G I nm , let A = 
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Viei\i nm X i u U 6 / nm {^} and B = U ie / nro \ I**}- Then X = A U B and 
neither A nor contain a copy of X, since all their components are of size < n m . 

If N (£. N, then J w / and, since |J W | < w, we have < |J W | = m G N. Since 
| J| / 1, by Claim g^c) X is not indivisible. □ 



5 Examples 

Example 5.1 Equivalence relations on countable sets. If X = (X, p), where p is 
an equivalence relation on a countable set X, then, clearly, the components Xi, 
i 6 J, of X are the equivalence classes determined by p and for each i S I the 
restriction px z is the full relation on Xj, which implies that conditions (i) and (ii) of 
Theorem 14. 1 1 are satisfied. Thus the poset sq(P(X), c) is ^i-closed and atomless 
and, hence, X belongs to the column D of Diagram [TJ Some examples of such 
structures are given in Diagram |2] where (J F n denotes the disjoint union of m 
full relations on a set of size n. We note that X is a ultrahomogeneous structure iff 



I — X ultrahomogeneous — . 



Ui*i» 



Da 



Ungw F " 



D 3 



U 2 ^ 

X equivalence relation 



^3 U \J„ ^2 



Diagram 2: Equivalence relations on countable sets 



all equivalence classes are of the same size, so the following countable equivalence 
relations are ultrahomogeneous and by Theorem 14. 1 l have the given properties. 

IJ^ F n . It is indivisible iff n = 1 (the diagonal) and the poset sq(P(X), C) is 
isomorphic to (P(w)/Fin) + which is a t-closed and f) -distributive poset. 
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U n F u . It is indivisible iff n = 1 (the full relation) and the poset sq(P(X) , C) is 
isomorphic to ((P(uj)/ Fin) + ) n which is t-closed, but for n > 1 not h -distributive 
poset in, for example, the Mathias model. 

IJ^ F u (the o;-homogeneous-universal equivalence relation). It is indivisible 
and sq(P(X), c) is isomorphic to (P(oj x oj)/ (Fin x Fin)) + , which is o;i-closed, 
but not a^-closed and, hence, consistently neither t-closed nor h-distributive. 

Example 5.2 Disjoint unions of complete graphs. The same picture as in Example 
15 - 1 l is obtained for countable graphs X = Xj, where Xj = (Xi,pi), i £ I, are 
disjoint complete graphs (that is pi = (Xi x X{) \ Ax t ) since, clearly, conditions 
(i) and (ii) of Theorem 14. 1 1 are satisfied. Also, by a well known characterization 
of Lachlan and Woodrow [6 | all disconnected countable ultrahomogeneous graphs 
are of the form (J m K n (the union of m-many complete graphs of size n), where 
mn = oj and m > 1. So in Diagram[2]we can replace F n with K n . 

Example 5.3 Disjoint unions of ordinals < oj. A similar picture is obtained for 
countable partial orders X = (J ie/ Xj, where Xj's are disjoint copies of ordinals 
cti < oj. (Clearly, linear orders satisfy (ii) of Theorem 14. 1 l and P(a, (3) = [/3]' a ', for 
each two ordinals a, f3 < oj.) So in Diagram|2]we can replace F n with L n , where 
L n = n < uj, but these partial orderings are not ultrahomogeneous. 

Remark 5.4 All structures analyzed in Examples 15.11 15.21 and 15.31 are discon- 
nected. But, since F((X, p)) = F({X, p c )), taking their complements we obtain 
connected structures with the same posets (P(X), c) and sq(P(X), c), having the 
properties established in these examples. For example, the complement of (J m F n 
is the graph-theoretic complement of the graph [j m K n . 

Remark 5.5 The structures satisfying the assumptions of Theorem 14.11 Let a 
countable structure X = IJie/ ^ satisfy conditions (i) and (ii). 

First, (i) implies that all components of the same size are isomorphic. 

Second, if \X { \ = u for some i € /, then, by (i), P(X^) = [Xi] u and, by 
[4J, Xj is isomorphic to one of the following structures: 1. The empty relation; 2. 
The complete graph; 3. The natural strict linear order on oj; 4. Its inverse; 5. The 
diagonal relation; 6. The full relation; 7. The natural reflexive linear order on u; 8. 
Its inverse. Thus, since Xj is a connected structure, it is isomorphic to the structure 
2, 3, 4, 6, 7 or 8 and, by (i) again, this fact implies that 

(*) All Xj's are either full relations or complete graphs or linear orders. 

By Claim l4~3l c). (*) holds when Xj's are finite, but their sizes are unbounded. 

But, if the size of the components of X is bounded by some n G N, there are 
structures which do not satisfy (*). For example, take a disjoint union of oj copies 
of the linear graph L n and oj copies of the circle graph C n+ \. 
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